The minimal geometric deformation approach was introduced in order to study the exterior spacetime around spherically symmetric self-gravitating systems, like stars or similar astrophysical objects as well, in the Randall-Sundrum brane-world framework. A consistent extension of this approach is developed here, which contains modifications of both the time component and the radial component of a spherically symmetric metric. A modified Schwarzschild geometry is obtained as an example of its simplest application.
I. INTRODUCTION
The idea that the universe we observe can be described by a sub-manifold (the brane) embedded in a larger space (the bulk), has attracted great interest in physics. From Kaluza and Klein's early attempts to the more recent models of extra-dimensions by Arkani-Hamed, Dimopoulos and Dvali (ADD) [1, 2] and Randall and Sundrum (RS) [3] , what is ultimately sought after is a unified, hence simpler, description of fundamental interactions. While both the ADD and RS models could straightforwardly explain the hierarchy of fundamental interactions, solely the RS model has a non-trivial bulk, which makes it more attractive to explore gravity at high energies and generalisations of four-dimensional General Relativity (GR). Specifically, the new terms in the effective four-dimensional Einstein field equations originating from the bulk, which can be viewed as corrections to GR, might be the key to solve some open issues in gravity, like the dark matter problem [4] . In this respect, from the phenomenological point of view, the search for solutions to the four-dimensional effective Einstein field equations for self-gravitating systems is particularly relevant, especially the case of vacuum solutions beyond the Schwarzschild metric.
Unfortunately, even in the simplest case of the RS brane-world (BW), only a few candidate space-times of spherically symmetric self-gravitating systems are known exactly [5] [6] [7] [8] [9] [10] , mainly due to the complexity of the effective Einstein field equations. A useful guide in the search of such solutions is provided by the requirement that GR be recovered at low energies. Moreover, the RS model contains a free parameter, the brane tension σ, which allows to restrain this prominent aspect by precisely setting the scale of high energy physics [11] . This fundamental requirement stands at the basis of the Minimal Geometric Deformation (MGD) approach [12] , which has made possible, among other things, to derive exact and physically acceptable solutions for spherically symmetric [13] and non-uniform stellar distributions [14] as well, to generate other physically acceptable inner stellar solutions [11] [12] [13] [14] [15] , to express the tidal charge in the metric found in Ref. [5] in terms of the Arnowitt-Deser-Misner (ADM) mass, to study microscopic black holes [16, 17] , to clarify the role of exterior Weyl stresses (arising from bulk gravitons) acting on compact stellar distributions [18] , as well as to extend the concept of variable tension introduced in Refs. [19] by analysing the behaviour of the black strings extending into the extra dimension [20] and to prove the existence of BW stellar distributions made of regular matter with a vacuum Schwarzschild exterior [21] . In light of these results, it is interesting to study possible extensions of the MGD approach.
In the next section, we shall review the standard MGD which involves a modified radial component of the metric, and then extend it to the case in which the time component of the metric is modified in section III. In section IV, we shall describe the simplest application of the extended MGD to a Schwarzschild metric, and summarise our work in section V.
II. MINIMAL GEOMETRIC DEFORMATION
In the generalised RS BW scenario, gravity acts in five dimensions and modifies the gravitational dynamics in the (3+1)-dimensional brane accessible to all other physical fields. The effective four-dimensional Einstein equations read
and contain an effective energy-momentum tensor
where σ is the brane tension,
represents a high-energy correction (T = T α α ), and
is a non-local source, arising from the five-dimensional Weyl curvature (U is the bulk Weyl scalar, P µν and Q µ are the stress tensor and energy flux, respectively), and F µν contains contributions from all non-standard model fields possibly living in the bulk (it does not include the five-dimensional cosmological constant, which is finetuned to σ in order to generate a small four-dimensional cosmological constant). For simplicity, we shall assume F µν = 0 and Λ = 0 throughout the paper.
Let us now restrict to spherical symmetry, namely P µν = P h µν and Q µ = 0, and choose as the source term in Eq. (2) a perfect fluid,
where ρ is the density, p the pressure, and u
is the fluid four-velocity field in the Schwarzschild-like coordinates of the metric
Here ν = ν(r) and λ = λ(r) are functions of the areal radius r only, ranging from r = 0 (the centre) to some r = R (the surface) inside the star, and from r = R to some arbitrary r in the outer vacuum, where ρ = p = 0.
The metric (6) must satisfy the field equations (1), namely [17] 
with primes denoting derivatives with respect to r. Moreover, the conservation equation
holds unaffected. The four-dimensional GR equations are recovered for σ −1 → 0, and the conservation equation (10) then becomes a linear combination of Eqs. (7)- (9) .
From the above field equations, one finds that the radial metric component is in general given by
where β = β(σ) is an integration constant, the function
and µ = µ(r) is the standard GR expression of the radial metric component. In particular, by assuming the space outside the star is empty, one has
where R is the radius of the star and m = m(r) denotes the standard GR interior mass function for r < R. The constant M , in general, depends on the brane tension σ and must take the value of the GR mass M 0 = m(R) in the absence of extra-dimensional effects.
A crucial role in the original MGD approach is played by the function H in Eq. (11), namely
which vanishes for any time metric function ν = ν GR (r) that corresponds to a standard GR solution. The geometric deformation in Eq. (11) is correspondingly "minimal", that is simply given by contributions coming from the density and pressure of the source. One can thus start from a given GR solution ν = ν GR (r), then obtain the corresponding deformed BW radial metric function λ = λ(r) by evaluating the integral in Eq. (11) with H = 0, and finally compute the BW time metric function ν = ν(r) from the remaining field equations. It is worth noting that the correction ν − ν GR necessarily vanishes for σ −1 → 0, and the starting GR solution is properly recovered in this low energy limit.
Let us end this section by noting that the parameter β = β(σ) in Eq. (11) could also depend on the mass M of the self-gravitating system and must be zero in the GR limit. For interior solutions, the condition β = 0 has to be imposed in order to avoid singular solutions at the center r = 0. However, for vacuum solutions in the region r > R, where there is a Weyl fluid filling the space-time around the spherically symmetric stellar distribution, β does not need to be zero, hence there can be a geometric deformation associated to the Schwarzschild solution. Overall, β plays a crucial role in the search of BW exterior solutions, and in assessing their physical relevance. In fact, we were previously able to constrain β in this MGD solution from the classical tests of GR in the solar system, and the strongest constraint is |β| (2.80±3.45)×10 −11 , from the perihelion precession or Mercury [31] .
III. EXTENDED GEOMETRIC DEFORMATION
BW effects on spherically symmetric stellar systems have already been extensively studied (see, e.g. Refs. [22] [23] [24] [25] [26] [27] [28] [29] [30] for some recent results). In particular, the exterior r > R (where ρ = p = 0) is filled with fields (Weyl fluid) arising from the bulk, whose effects on stellar structures is not clearly understood [18] . The MGD approach allows to study this region by generating modifications to the GR Schwarzschild metric which, by construction, has the correct low energy limit. The next natural step is thus to investigate a generalisation of the MGD for the exterior region filled with a Weyl fluid. This can be accomplished by considering, in addition to the geometric deformation on the radial metric component, given by the expression (11), a geometric deformation on the time metric component, that is
where ν s is given by the Schwarzschild expression
and h(r) is the time deformation produced by bulk gravitons, which should be proportional to σ −1 to assure the GR limit. Now, by using the expressions in Eq. (11) (with H = ρ = p = 0) and Eq. (15) in the vacuum equation
we obtain the following first order differential equation for the radial geometric deformation f = f (r) in Eq. (11), in terms of the time geometric deformation h = h(r),
whose formal solution is given by
The exponent I = I(r, R) is again given by Eq. (12) and
The exterior deformed radial metric component is finally expressed as
. (21) To summarise, any given time deformation h = h(r) will induce a radial deformation f = f (r) according to Eq. (21). In particular, a vanishing time deformation h = 0 will produce F = 0 and the corresponding geometric deformation will be again minimal. For the Schwarzschild geometry, this procedure yields the deformed exterior solution previously studied in Ref. [20] (we note a constant h also produces F = 0, and corresponds to a time transformation dT = e h/2 dt).
IV. MODIFIED EXTERIOR SOLUTION
A more interesting case is provided by non-constant time deformations h = h(r) such that F (h) = 0, which will still produce a "minimal" deformation (19) . Let us therefore consider the non-linear differential equation
whose solution is given by the simple expression
where the integration constants a and b are both functions of the brane tension σ. Upon imposing the spacetime is asymptotically flat, that is
one finds
and the time metric component has the final form
for r > 2M , with the radial metric component given by
where I can be computed exactly but we omit it here for simplicity.
A particularly simple case is given when β = 0, which will produce no geometric deformation in the radial metric component, so that λ = −ν s is exactly the Schwarzschild form in Eq. (16), and diverges for r → 2 M . However, due to the modified time component (26) , this is now a real singularity, as can be seen by noting that the Kretschmann scalar R µνρσ R µνρσ diverges at r = 2 M . Moreover, this singularity is soft likewise, since the higher
, involving at least two derivatives of the curvature, further diverges at r = 2 M . The above solution could therefore only represent the exterior geometry of a star with radius R > 2 M . Since this solution has no deformation in its radial metric component, its dark radiation will be zero, U = 0. However, its Weyl function
which in fact diverges for r → 2 M .
Finally, Eq. (26) can be written for large r as
from which one can read off the ADM mass
and the tidal charge
in terms of which the real singularity is located at
It would be now interesting to probe if one can change the nature of the singularity at r = 2 M if β = β(σ, M ) = 0. In fact, the scalar R µνρσ R µνρσ might not diverge for r → 2 M provided β satisfies a very complicated algebraic equation that depends on M and b = b(σ). However, as we found that the classical solar system tests imply the very strong bound |β| (2.80 ± 3.45) × 10 −11 , it is very unlikely that β meets this condition for arbitrary astrophysical masses M .
V. CONCLUSIONS AND OUTLOOK
The MGD deformation was consistently extended to the case when both gravitational potentials, namely the radial and time metric components, are affected by bulk gravitons. We showed that the deformation for the time metric component induces part of the deformation in the radial metric component, and the latter can be minimised by assuming the former satisfies the differential equation (22) .
Using this extension of the MGD approach, a new possible exterior geometry for a self-gravitating system was found. This new solution presents a physical singularity at the Schwarzschild radius r = 2 M . Since there is no horizon, the singularity is naked, albeit not pointlike, and the geometry cannot be used to describe a BW black hole, but might still be used to describe the exterior of a self-gravitating star with size R > 2 M . From the presently available observational data in the Solar system, we were able to put constraints on one of the BW parameters.
